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Summary

Statistical analyses of data in animal breeding are concerned with genetic differences between
individuals and the proportion of variation attributable to genetic and environmental effects.
Often traits are recorded repeatedly per individual and may change, gradually and continually, as
time progresses, so that they are thought of as points on a trajectory. A typical example is growth
of meat producing animals, such as beef cattle. Random regression (coefficient) analyses allow for
variation in growth (or similar) curves for individual animals, modelled as regression on functions
of age, e.g. orthogonal polynomials or splines. Covariances among the regression coefficients then
define the covariance function between records at any pair of ages. With functions linear in the
coefficients to be estimated, random regression analyses are readily carried out in the linear, mixed
model framework commonly employed in animal breeding. Estimation of breeding values using
best linear unbiased prediction, and estimation of the corresponding, genetic and environmental
covariance components by restricted maximum likelihood using an average information algorithm
or Bayesian analysis using Gibbs sampling are reviewed, with emphasis on formulations based
on the mixed model equations. Interpretation of genetic covariance functions is discussed and

results from an analysis of beef cattle data are given as an example.

Keywords : Repeated records, mixed model, random coefficients, covariance function, quanti-

tative genetics

'AGBU is a joint venture of NSW Agriculture and the University of New England



19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

a2

43

44

45

46

47

48

49

1 Introduction

Animal breeding is concerned with the genetic improvement of farmed livestock, applying quan-
titative genetics principles. This involves the identification of genetically superior animals as
parents of future generations and design of breeding programmes to optimise genetic progress
for traits of economic interest. These tasks require knowledge of genetic parameters such as
heritabilities, correlations and variances for the traits concerned. Hence, estimation of genetic
parameters or, equivalently, (co)variance components is a central task in statistical analyses of

animal breeding data.

Data sets originating from livestock recording schemes are typically highly unbalanced, subject
to multiple systematic effects, and often large. In addition, data may be subject to selection.
Statistical techniques used rely heavily on linear, mixed models, employing Best Linear Unbi-
ased Prediction (BLUP) to obtain estimates of animals’ genetic merit and restricted maximum
likelihood (REML) or, more recently, Bayesian techniques to estimate variance components. Al-
gorithms used are frequently formulated in terms of the so-called mixed model equations which

are of dimension proportional to the number of fixed and random effects fitted.

Whilst most traits of interest are measured only once per animal, others are recorded repeatedly
and may change, gradually and continually, as time progresses. Individual records can then be
thought of as points on a trajectory. Typical examples are test day records for dairy cows, with
milk production at the beginning and end of lactation having quite different means and variances
but high genetic correlations, and growth of meat-producing animals. Earlier analyses treated
such data simply as repeated records assuming homogeneous variances and compound symmetry
for covariances. Generally this was combined with some adjustment for time of recording, for
instance, by fitting time as a covariable with the corresponding regression coefficients being
fixed effects in the model of analysis. Alternatively, for data spanning larger periods of time
with marked changes in means and variances, measurements in different periods were treated as
different traits in multivariate analyses. For example, for growth of beef cattle up to about two
years of age, we often distinguish between birth, weaning, yearling and final weights, allowing

ranges of age at recording of 200 days or more for each.

Recently, random regression (RR) models, often referred to as random coefficient models else-
where, have become popular for the analysis of data representing repeated measures along some

continuous scale and curve. Impetus has come more or less at the same time from animal breed-
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ing, in particular genetic evaluation of dairy cattle, and evolutionary biology. Utilising ideas of
Henderson (1982), Schaeffer & Dekkers (1994) and Jamrozik et al. (1997) modelled changing ge-
netic effects for milk production over the course of lactation by fitting a set or random regression
coefficients for each animal, with polynomial functions of days in milk as covariables. Consider-
ing traits measured potentially many times along a continuous scale, Kirkpatrick and co-workers
(Kirkpatrick & Heckman, 1989; Kirkpatrick et al., 1990) proposed an ’infinite-dimensional’ model,
where covariances between records at any points are given as functions of the continuous scale.
This introduced the concept of covariance functions (CF), as the infinite-dimensional equivalent

to covariance matrices, to quantitative genetics.

Kirkpatrick et al. (1990) outlined a generalised least-squares procedure to estimate genetic CFs
as functions of orthogonal polynomials of the continuous covariable from a matrix of genetic
covariances between individual points. Whilst computationally simple, this required estimates of
genetic covariances between all ages considered to be known, and did not guarantee non-negative
definite estimates of CFs. Alternatively, estimates of CFs can be obtained directly from the
data using restricted maximum likelihood (REML) or Bayesian analyses. Meyer & Hill (1997)
presented an application to animal breeding data, describing direct REML estimation of genetic
and environmental CFs. As this employed a reparameterisation of a multivariate model treating
each age as a separate trait, its usefulness for data involving many and irregularly spaced ages,
such as data from animal breeding applications, was limited. Subsequently, it was recognised
that RR models implicitly define CFs, and thus allow the coefficients of CFs to be estimated
simply as the covariances among RR coefficients using REML (Meyer, 1998) or Bayesian analysis

via Gibbs sampling (Jamrozik & Schaeffer, 1997; Rekaya et al., 1999).

This paper reviews RR models as used in analyses of data from livestock improvement schemes,
considering both genetic evaluation and variance component estimation. Whilst RR models
are suitable to model changes along any continuous scale, they are most commonly applied to

longitudinal data. Hence, age at recording will be used in the following to represent this scale.

2 Random regression model

Typically, genetic models for repeated records distinguish between animals’ additive genetic and

permanent environmental effects. Hence RR models for genetic analyses include at least two sets
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of RR coefficients for each animal i, representing the direct, additive genetic (o;,,) and permanent
environmental (7;,,) effects of the animal. If other random effects are to be taken into account,
such as litter effects or maternal effects, corresponding sets of additional RR. coefficients can be

fitted. Without loss of generality, only the former two effects are considered in the following.

Let y;; denote the j—th record for animal ¢ taken at age (or time) a;;. Covariables are functions
of age, ¢ (a;;). Following suggestions of Kirkpatrick & Heckman (1989), orthogonal polynomials
are the most common choice, as they require few assumptions about the shape of the trajectory to
be modelled, but other functions, such as spline or trigonometric functions have been considered

(e.g. Rice & Wu, 2001). This gives the linear model

ka—1 kr—1

Y = Fig + ) QimGnlay) + Y Yimm(ai) + € (1)
m=0 m=0

where Fj; denotes the fixed effects and ¢;; the temporary environmental effect or ‘measurement
error’ affecting y;;. Fixed effects generally include corresponding regressions on age to model mean
trajectories, fitted overall or within levels of systematic effects for which we expect differential
growth curves, e.g. sex of animal or season of birth. The number of RR coefficients fitted for «;.
and ;. is given by k4 and kg, respectively. As each record is assumed to be determined by the
genetic effects of the animal on which it was taken, this is commonly called an ‘animal model’.

In matrix notation,

y=Xb+®sa+Pvy+e¢ (2)

with y, a, v and e the vectors of observations, RR coefficients and residuals, respectively,
assumed to be ordered according to animals, and b denoting the vector of fixed effects fitted. X,
®, and P are the corresponding incidence matrices. Assume the trait of interest is continuous
(rather than categorical) and that y has normal distribution N(Xb, V). Further, assume that

o, v and € are uncorrelated and that

FEla]=0 Elx]=0 Ele]=0

Var (a) = A K, =G Var (v) =In®@Kgp=R Var (e) = Diag{oi} = 2.
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with NV denoting the number of animals with records, and Iy an identity matrix of size N. This

gives variance of y

V=&, (AK,) P, +® (Iy @ Kg)®' + Diag {0} = ®P,G P, + PRP' + 2. (3)

Partitioning of animal effects into their genetic and non-genetic components requires records
for related animals and information on the degree of relationship between animals. Contrasts
between different types of relatives or, equivalently, resemblance of relatives with a given degree
of relationship allow inferences about additive genetic effects and variances; see, for instance,
Falconer & Mackay (1996) or Lynch & Walsh (1998) for details. Relationship information is
provided by the numerator relationship matrix A. Off-diagonal elements of A give the degree of
relationship or, equivalently, the proportion of genes animals are expected to have in common,
for example, 1/2 for a parent and an offspring, 1/2 for full-sibs, 1/4 for half-sibs and 1/8 for first

cousins. Diagonal elements of A are unity plus the coefficient of inbreeding for the animal.

Invariably, there are animals which do not have any records but are ancestors of animals in the

data. Sets of RR coefficients for these animals are included in a, which has length N4 x k4 for

N4 > N, with the corresponding rows of ®,4 having elements of zero. K4 = {K,;;} and Kp =

{Kgi;} are the matrices of covariances between RR coefficients, and ¢} for k = 1,...,p denote

the measurement error variances. In the simplest case, ¢;; are assumed to be 7.i.d. distributed,

i.e. p=1. In other cases, o} are assumed to change with age, for instance, due to scale effects or
2

reflecting seasonal variation. Heterogeneous o; are commonly modelled through a step function

of age or a continuous variance function linking age and o7 or log(c?).

3 Estimation of Breeding Values

For known variances, solutions to the mixed model equations (MME)

X'®1X X'S1d, X'S e b X'xly
P,/S'X /TP, + AT RK! P,/ P a | =| /3y | (4
> 'X 'S '®, T B+IRKS | | 4 @3y

yield BLUPs of v and ~ (Henderson, 1973).
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The MME (4) play a central réle in statistical analyses of animal breeding data. Instead of the
inverse of the phenotypic variance matrix V needed in a generalised least-squares formulation,
they require inverse matrices Egl and A~'. Whilst both V and Y. have dimensions equal to
the number of records, the latter is blockdiagonal for animals (assuming zero environmental
covariances between records for different animals), if not, as in this case, diagonal. Y. is thus
readily invertable, and the data part of the MME can be accumulated considering records for one
animal at a time. A is of size Ny x Ny, but A™! can be set up directly from a list of pedigree

records, following simple rules (Henderson, 1976; Quaas, 1976).

Equations (4) are generally solved iteratively, using schemes such as Gauss-Seidel iteration with
overrelaxation or a preconditioned conjugate gradient algorithm (Tsuruta et al., 2001). This
allows solutions to MME comprising millions of equations to be obtained routinely for national

genetic evaluation schemes.

Coeflicients «;,,, for animal ¢ define its genetic merit for all ages within the range considered.
Hence, estimated breeding values for target ages a; are obtained simply by evaluating the regres-

sion curve

ka—1

EBV(a))i = Y i Gml(ar) (5)

In addition, functions of the curve may be of interest, for example, integrals of estimated lactation
curves to estimate total lactation genetic merit for dairy cows, or turning points of growth curves

to distinguish between early and late maturing animals.

4 Estimation of Covariance Functions

The RR model directly defines the covariances between records at any observed ages. These
are functions of the covariables, ¢,,(a;), evaluated at the ages of interest, and the covariances
among random regression coefficients. Let ¢, denote the vector of covariables evaluated for
age a; and random effect (), of length kg. Covariance functions for genetic (,A) and permanent

environmental (R) covariances between ages a; and a; are then
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Ala;, aj) = G (i) P (05) K amn = &3, Kad y;
R(aiu aj) = ¢m(ai)¢n(aj)KRmn = ¢/Rz'KR¢Rj (6)

With A and R generally fitted to reduced order, i.e. k4 and kg smaller, often much smaller, than
the number of ages in the data, the resulting estimates of covariance matrices among observations
are smoothed and have reduced rank, equal to the rank of the corresponding matrix of covariances

among RR coefficients.

4.1 REML estimation
4.1.1 REML Likelihood
In its general form, based on the variance matrix of the observations, the REML log likelihood
(log £) pertaining to model (2) is given by (e.g. Harville, 1977)

—2log £ = const + log [V| +log [ X'V'X| + (y — Xb)'V~!(y — Xb) (7)
Equivalently, log £ can be written involving terms of the MME. For the orthogonal projection

matrix P = V™! - VIX'(X'V7IX)" XV,

)

Py — V-1 <y _ XB) — 3! (y —Xb - ®,6 — @&) —-le (8)

(Harville, 1977), i.e. y'Py is the weighted sum of squares of residuals. Let C denote the coefficient

matrix in (4), and rewrite (7) as (Graser et al., 1987)

—2log L = const + log |G| + log |R| + log |X.| + log |C| + y'Py (9)

The first three terms in (9) can be evaluated indirectly, requiring only the determinants of the

covariance matrices of RR coeflicients
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p
log |G| = Nalog |K4| + kalog|A|  log|R|= Nlog|Kp|  and log|Z.| =) Nylog(c})

: (10)

with N, the number of records assumed to have measurement error variance 0’,%.

For a given
analysis, log |A| is a constant and not required in locating the maximum of log £. If needed, for
instance for model comparisons, it can be readily obtained as a by-product of the procedure to
set up A, The other two terms, y'Py and log |C|, can be evaluated simultaneously by factoring

the so-called 'mixed model matrix’ (Graser et al., 1987), which is C augmented by the vector of

right hand sides in (4) and its transpose, respectively, and the residual sum of squares.

X'2'X XS '®, XS 'e X'Sly
M ¢,/ 'X o,/ '®,+ A RK! o,/ 'P ®,/> 'y (1)
'3 'X 'Y P, Y 'd+IK,  @'Xly
y/EE—IX Y/EE_I‘I)A y/2;1¢ y/Ea—ly
For M = LL/, of size M x M, and [;; the i—th diagonal element of L
M—-1
log|C| =2 log(l:) and  y'Py =10}y (12)

i=1

4.1.2 First derivatives

First derivatives of log L can be obtained similarly, differentiating (9) rather than (7). Let
Dg" = 0Kq /OK,,,, denote the matrix of size kg X kg with elements of unity in the mn—th and
nm—th position and zero otherwise, with () standing in turn for A and R. For 0 the k—th

variance component to be estimated

log |G
S Oage| = Natr (K D) = (2~ ) Na K5 for 0 = Kamn - (13)
k
log |R
: Oai—’ = Nt (K DY) = (2 ) N KR for 6 = Kpmn (1)
k
dlog |T.| &
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with Kg" the mn—th element of KQ_1 (for @ = A, R) and 0,,,, Kronecker’s delta, i.e. 0, =1
for m = n and 0 otherwise. Corresponding derivatives to (15) for the case where changes in o>

with age are modelled through a polynomial variance function are given in Meyer (2001b).

Derivatives of log |C| and y'Py can be determined through an ‘automatic differentiation’ of the
Cholesky factor of M, as described by Smith (1995). This requires the derivatives of M with

respect to the variance components to be estimated.

0 0 00
81\/.[ 0 QA 00 . —1 —1 -1
= with Q, = A ®(—KA D" K4 ) (16)
OK A mn 0 0 00
0 0 00
00 0 O
oM 00 0 O
5 — with Qp = Iy ® (-Kp 'DR"Kz ') (17)
KR mn 00 QR 0
00 0 O
X'QX XQe, XQ@ XQy
oM ®,/Q.X $,Q.8, $,/Q.® ,/Q. oy,
1_ A Q 1Q. P, 24Q A Q.y with Q. = —x-1 w1 (1)
doy, QX d'QP, PQP PIQ.y do;
| YQX YQPs yQ?P yQy |

Matrices —KQ_ng”"KQ_l have elements —(2—0py) /2 (KG" K + KG'KG®) forr,s = 1,... kg
and Q = A, R (Meyer, 2001b). Similarly, Q. is diagonal with elements —(02,)~2 for records which

have variance 02, and zero otherwise.

For OM/06,, = (0L/36;)(0L'/36;), derivatives of log |C| and y’'Py are simple functions of the
diagonal element of OL/00y, 0l;; /00, (Meyer & Smith, 1996),

M—-1
Olog |C|/06, =2 1;'0lii/06,  and  Oy'Py/00) = lnas Olasar /0% (19)

i=1
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4.1.3 ‘Average’ information

Second derivatives of log £ can be obtained analogously (Smith, 1995; Meyer & Smith, 1996),
but computations are demanding. As noted by Gilmour et al. (1995) and Johnson & Thompson
(1995), the average of observed and expected information (AlI) is proportional to second deriva-

tives of y'Py, the ‘data part’ of log £, and thus considerably easier to compute than either of

the former,
0*y'Py
90,00, " 2
with
@, (In, @ DY) & for 6 = Kamn
oV
k

D' (y —Xb—®,& — ®4) for 0 =02

where D7, is a diagonal matrix with elements 0,2 for records which have measurement error

2

=, and zero otherwise.

variance o

Let B be the matrix of column vectors by, and expand M to Mp by replacing y and y’ in M by
B and B’, respectively. Absorbing rows 1 to M —1 of M then replaces elements of B’EE_IB with
b, Pb,, (Meyer, 1997). With M already factored in evaluating log £, additional computations
needed are undemanding. Alternatively, as outlined by Johnson & Thompson (1995), terms Pby,
can be obtained by replacing y in (4) by by, solving (4) and computing the vector of residuals,
pre-multiplied by X_'(see (8)). Elements of the average information matrix, given by (20) can

then be evaluated as simple vector products.

4.1.4 Maximising the likelihood

The maximum of log £ (9) can be located using a derivative-free search strategy (Meyer, 1989).
However, with many, highly correlated parameters to be estimated, methods which utilise in-
formation from derivatives of the likelihood are advantageous. If first derivatives and Al are
available, they can be employed in a modified Newton-Raphson procedure to maximise log L,
using a modification of step size, either through step halving (Jennrich & Schluchter, 1986) or

Marquardt (1963)’s method, to ensure log £ is increased in round of each iteration.

10
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A reparameterisation to elements of the Cholesky decompositions of K, and Kg, taking loga-
rithms of their diagonal elements and also of o}, removes constraints on the parameters and allows
an unconstrained optimisation such as a Newton-Raphson procedure to be used. A gradient vec-
tor and Hessian matrix for a Cholesky factor of a matrix can readily be obtained from derivatives
with respect to elements of the matrix (Lindstrom & Bates, 1988) by pre- and postmultiplying
with the appropriate Jacobian matrix; see Meyer & Smith (1996) for details.

4.2 Bayesian estimation

Bayesian estimates for the simple RR model considered here are readily obtained using Gibbs
Sampling. This is computationally easy to implement, and, whilst computing time required to
sample long or multiple Markov chains may be large, memory requirements are much smaller
than for corresponding REML analysis, facilitating analyses of large data sets. This is particu-
larly important for models involving multiple random effects and high orders of fit for RRs, i.e
requiring numerous variance components to be estimated. In addition, as estimates of complete
posterior distributions are obtained, sampling properties of estimates or functions thereof are
readily examined. More complicated models can be accommodated, but may require sampling
from non-standard distributions involving Metropolis-Hastings steps (Sorensen, 1996; Sorensen
& Gianola, 2002). Gibbs Sampling schemes for RR models applied to test day records of dairy
cows have been described in detail by Jamrozik & Schaeffer (1997) and Rekaya et al. (1999).

4.2.1 Conditional distributions

Location parameters b, a and « can be sampled sequentially from their fully conditional distri-
butions. For RR coefficients which typically are highly correlated, it is advantageous to sample
blocks of coefficients pertaining to an individual simultaneously. Let u denote the vector of lo-
cation parameters and r the vector or right hand sides in (4), so that the MME can be written
as Cu = r. Consider the subvector ug to be sampled, and let u_; denote its complement. Con-
ceptually reorder equations so that u’ = (u’s | u’,s), and partition r in the same way as u and
C accordingly into C, 5, C, 5, C_;, and C_,; _,. For y normally distributed and assuming a

uniform prior distribution for b, the fully conditional distribution of uy is (Sorensen, 1996)

11
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u, ~N(C;l(r, — C,_,u_,),C,,) (22)

S,8

Variances are sampled from scaled, inverted Wishart (IW) or x? distributions. Assume prior
inverse Wishart distributions, IWk(Efl,V), with ¥, and ¥, and v, and v, for K, and Kg,
respectively, and let S, = {azAflam} and S, = {7},7,.} denote corresponding matrices of sums
of squares and crossproducts, with a,, and ~,, denoting the subvectors of o and « gathering RR
coefficients o, (fori =1,... N4) and 7;,, (for i = 1,..., N). This gives conditional distributions

(Jamrozik & Schaeffer, 1997),

Ku~IWi, ((Sa+2a)™", Na+va) Kp~ Wy, ((S,+%,)"", N+v,)  (23)

Similarly, let v.,, and 62, denote the hyperparameters for the prior distribution of the m—th

measurement error variance. This gives fully condition distribution (Jamrozik & Schaeffer, 1997)

o2 ~ X;jnJer (&?n Ve + é:ném) (24)

2

m*

with &,, of length N,, the subvector of residuals for records assumed to have error variance o

4.2.2 Sampling scheme

The Gibbs sampler then consists of repeated, sequential sampling of all effects fitted and variance
components from their fully conditional distributions. Location parameters can be sampled
blockwise as described above or simultaneously (Garcia-Cortés & Sorensen, 1996) to reduce
auto-correlations between samples. Estimates are generally obtained as posterior means, i.e.

means of samples disregarding an initial “burn-in” phase (Sorensen, 1996).

5 Eigenfunctions and beyond

In addition to defining genetic covariances for all points along the continuous scale considered,
genetic CFs provide an insight into how selection is likely to change the trait or trajectory. This

is of interest to evolutionary biologist who are concerned with the effects of natural selection,

12
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and animal breeders who want to predict how effective their selection of parents of the next

generation will be and how selection at any point might affect the remainder of the curve.

An eigenvalue decomposition of the covariance matrix of genetic RR coefficients

ka
K4 = QDiag{\}Q =) Mwiw) (25)
k=1

yields estimates of the eigenvalues A, and eigenfunctions &, of A (Kirkpatrick & Heckman, 1989)

ka—1

() = Wida; = > Wim Om(a:) (26)
m=0

with wy = {wgm } the eigenvector of K 4 pertaining to the k—th eigenvalue, and 2 the orthogonal

matrix of eigenvectors.

The eigenvector corresponding to the largest eigenvalue \; gives the linear function of RR coef-
ficients which explains most genetic variation, and the corresponding eigenfunction &; (a;) sum-
marises the direction of changes in the trajectory when selecting on the basis of this quantity.
This implies that greatest response to selection is achieved if the selection objective is of simi-
lar form than & (a;), and, conversely, that is may be difficult to achieve changes corresponding
to eigenfunctions with low eigenvalues. In livestock improvement schemes we commonly attach
different importance, i.e. economic weights, to different traits considered. In a RR framework, it
seems logical to consider selection on the basis of individual eigenfunctions, choosing appropriate
weights for each &; to achieve the desired deformation of the whole trajectory. van der Werf

(2002) gives an example for growth of beef cattle.

Selection pressure is commonly measured as selection differential, i.e. the difference in means
between selected individuals and all candidates for selection. Selection at any point of the
trajectory creates correlated differentials at other points. Evolutionary biologist thus define a
selection gradient function (¢), which summarises the force of directional selection along the
complete trajectory. Kirkpatrick et al. (1990), Beder & Gomulkiewicz (1998) and de Jong &
Bijma (2002) consider estimation of ¢ and its approximation when relative fitness cannot be
measured directly, and Kingsolver et al. (2001) give a detailed example. The estimated change

in the mean trajectory is then A = Zfﬁo_l Ai(wli¢)w; (Kirkpatrick & Heckman, 1989).

From (25) it follows that the first few eigenfunctions are generally sufficient to explain most

genetic variation. Hence little information is lost, if eigenfunctions corresponding to eigenvalues

13
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clase to zero are ignored in selection decisions. This can lead to substantial computational savings.
This is readily implemented by reparameterisating (4) to estimate a* = (Iy, ® Q') @, replacing
P, with &, = &4 (In, ® Q) and K4 with A, and deleting equations for af,, corresponding
to the smallest eigenvalues \,,. This is analogous to the reduced-rank approach of James et al.
(2000). Note that ®4"a* = P when no equations are deleted, i.e. that of breeding value
estimates at individual ages are the same as those obtained above (5). Further, using ® 4"
eigenvectors are incorporated in the incidence matrix, i.e. this parameterisation directly yields
estimates of genetic values for the eigenfunctions. An analogous reparameterisation and reduction
in the number of effects to be estimated can be applied to other random effects such as «. This
has been considered as a computational strategy for RR analyses of test-day records of dairy cows
(Misztal et al., 2000). Alternatively, the number of effects to be estimated can be reduced fitting
an equivalent model which incorporates permanent environmental effects due to the animal in

the vector of residuals (Meyer, 2001b).

6 Example

Application of a RR model analysis to model growth of beef cattle is illustrated using results from
an analysis by Meyer (2001a). A similar analysis considering a much larger data set and range
of ages and using Bayesian estimation, demonstrating the kind of analyses feasible, is presented

by Meyer (2002).

REML estimates of variance components were obtained as outlined above for weights of beef
calves in a selection experiment, recorded at monthly intervals from birth to 280 days of age.
The RR model fitted regressions on Legendre polynomials of age at recording for four random
effects. These were animals’ direct genetic and environmental effects as in (1), modelled through
quartic (k4 = 5) and quintic (kg = 6) polynomials, respectively. In addition, maternal genetic
(M) and permanent environmental (C) effects had to be taken into account, as records were
predominantly taken prior to weaning. Hence two additional sets of RR with k), = k¢ = 3
(quadratic polynomials) were included in the model of analysis. Changes in o7 were modelled as
a quadratic function of age at weighing, yielding a total of 52 parameters to be estimated. This
was one of numerous models considered, which was selected on the basis of the REML form of
the so-called Bayesian Information Criterion (Wolfinger, 1993) and plausibility of the resulting

variance estimates along the trajectory.
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Data consisted of 21,053 records for N = 3,417 calves. These were offspring of 1,023 dams and
174 sires, and including parents without records yielded a total of Ny = 3,794 animals in the
analysis. Figure 1 shows estimates of the direct variance components for the ages in the data
derived from estimated CFs and measurement error variances, together with estimates of the first
three eigenfunctions for direct genetic effects and estimates of direct genetic correlations with
contour lines from 0.95,...,0.65 in steps of 0.05. Results show increasing variances with age and
size (means not shown), with most variation attributable to permanent environmental effects of
animals. Estimates of genetic correlations between weights at different ages were high to very
high except for weights recorded at birth and during the first month of life. Consequently, the
first eigenfunction explained 95.9% of the total genetic variation, with eigenvalues for the second
and third eigenfunction amounting to 3.1% and 0.7%, respectively. As found in other studies of
growth traits (e.g. Kirkpatrick et al., 1990), the first eigenfunction was positive for the complete
trajectory considered, i.e. selection for increased weight at any age is expected to increase weights

at all ages.

7 Discussion

As outlined above, uptake of RR models in animal breeding has been stimulated by evolutionary
biology, in particular the work of Kirkpatrick and co-workers (e.g. Kirkpatrick & Heckman, 1989;
Kirkpatrick et al., 1990), and the desire to model complete lactation curves in genetic evaluation

of dairy cattle.

In contrast to animal breeding applications, analyses of longitudinal or similar data in other
areas of applied statistics have long since dealt with covariance functions and patterned covari-
ance matrices. Most commonly, this involved assumptions of a parametric correlation structure
for ‘within-subject’ covariances between repeated records for an individual. Stationary models
described by one or few parameters, such as the well known auto-regressive correlation struc-
ture, were favoured and variances were often assumed homogeneous (Jennrich & Schluchter, 1986;
Wolfinger, 1996), though more recently non-stationary models with heterogeneous variances have
attracted increased attention, especially the so-called structured ante-dependence model (Nufiez-
Antén & Zimmerman, 2000) and related parameterisations (Pourahmadi, 1999; Daniels & Zhao,
2003). Whilst RR models, generally referred to a ‘random coefficient’” models, have been con-

sidered, they have been less widely used, as they were often found to be of little advantage,
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requiring high orders of fit and thus many parameters to be estimated, and yielding less readily

interpretable results than a parametric correlation function.

Animal breeders, however, by and large have embraced RR models for the analysis of longitudinal
data. There are various reasons. Firstly, quantitative genetic analyses are concerned with the
variation between animals, while other areas of statistics are often content with modelling within-
subject covariances only. Fitting a set of additive genetic RR coefficients provides estimates of
genetic merit for the whole range of ages considered, and allows ranking of animals to change
with time. RR models are thus an obvious choice if we are concerned with (genetic) differences
between individuals. Assuming a RR model and resulting covariance structure on a genetic
level, it seems natural to apply the same model to other random effects such as permanent
environmental effects. RR models account for changes in variances with time and do not require
specific assumptions about the shape of the resulting CF, other than implied by the choice of

covariables.

Secondly, estimates of genetic covariance matrices arising from RR model analyses can be thought
of as smoothed versions of corresponding estimates from an unstructured, multivariate analysis
treating records at different ages as different traits. Estimates of the eigenvalues and eigenfunc-
tions of CFs can be obtained directly from estimates of covariances among RR coefficients. For
genetic covariance functions, these statistics provide valuable insight into the effects of selection
for the trait considered, and facilitate design of selection schemes optimising response along the

trajectory.

Last, but not least, RR models fit well into the methodological framework commonly employed by
animal breeders, and, moreover, provide a computationally feasible way to estimate CF for large
data sets with records coming in at ‘all ages’, as are typical for data from livestock recording
schemes. Estimating coefficients of CFs as the matrix of covariances between RR coefficients
requires manipulation of mixed model equations of size proportional to the number of regression
coefficients to be manipulated, rather than proportional to the number of ages or even the number

of records.

Nevertheless, computational requirements of RR analyses can be large, in particular for variance
component estimation as, typically, the number of parameters to be estimated is substantial.
In addition, the higher order polynomials commonly fitted in RR analysis are notoriously ill-

behaved, in particular at the limits of the range of ages considered. Kirkpatrick et al. (1994), for
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instance, encountered ‘wiggly’ covariance function estimates for test-day records in dairy cattle,
and erratically high estimates of variances for the highest ages with least records have been

reported repeatedly (e.g. Meyer, 2002).

Hence attempts have been made recently to apply the more parsimonious parametric models to
genetic analyses. Pletcher & Geyer (1999) modelled both genetic and environmental covariances
between records at different ages through a variety of one- or two parameter correlation function,
combined with polynomial variance functions, but emphasized computational limitations in the
number of distinct ages which could be accommodated. Applying such model to test-day records
from dairy cows, Jaffrézic et al. (2002) found higher likelihoods for parametric models than RR
models involving more parameters, but encountered problems with substantial overestimates of
the genetic variance from parametric models fitted in conjunction with animal model analyses.
Foulley et al. (2000) combined a RR model for genetic effects with an auto-regressive covari-
ance structure for residual effects, and Meyer (2001b) extended this approach to non-stationary
correlation functions and heterogeneous variances. Results from an application to beef cattle
data showed good agreement with estimates of variances and correlations from corresponding
RR analyses, and alleviated problems of somewhat erratic estimates at the highest ages with
very few records (Albuquerque & Meyer, 2002), suggesting that such hybrid models may be well

suited to genetic analyses of longitudinal data.

Spline functions may provide a better behaved alternative than polynomial function. B-splines
have been suggested (Rice & Wu, 2001) but have had limited applications for RR analyses in
animal breeding so far (e.g. Torres & Quaas, 2001). Cubic smoothing splines integrate well into
the mixed model framework and require few parameters to be estimated, as it is assumed that all
only intercepts and linear coefficients are correlated and that all other coefficients are uncorrelated
and have equal variance (Verbyla et al., 1999). They are finding increasing use (e.g. White et al.,
1999; Huisman et al., 2002), especially as they are readily fitted within the ASREML software
package (Gilmour et al., 2001). Other RR models imposing a structure on the covariance matrix
of RR coefficients have been suggested. Robert-Granié et al. (2002), for example, modelled
growth of beef cattle allowing for heterogeneous variances across environments, with changes in
variances described by a link function. Attempting to reduce the number of parameters to be
estimated, Meyer (1997) forced estimates of covariance matrices among RR to have reduced rank.
More research on such structured models is required, in particular on the effects of the resulting

covariance structure along the trajectory.
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8 Conclusions

Analyses of longitudinal data or ’functional analyses’ when data are curves is a rapidly evolving
field of research. In animal breeding applications, where we are concerned with genetic differences
between animals, random regression models provide a useful framework to not only distinguish
between trajectories for individuals, but also account for changes in variances and correlations

along the trajectory.
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Résumé

On descrive des modéles de régression aléatoire pour analyse des données longitudinales en géné-

tique animale.
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