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A penalized likelihood approach to pooling estimates of
covariance components from analyses by parts

Karin Meyer

Animal Genetics and Breeding Unit”, University of New England, Armidale NSW 2351, Australia
Short title: Pooling part analyses

Introduction

Estimation of variance and covariance components due to genetic effects and other sources of variation
is one of the prime tasks in quantitative genetics. Increasingly, there are substantial numbers of traits
that need to be considered simultaneously and corresponding estimates of covariance matrices are
required. For instance, genetic evaluation schemes for beef cattle and sheep in Australia currently
involve multivariate analyses with up to 60 traits [14, 9]. Technical advances have made direct
estimation of covariance matrices comprising some 20 to 30 traits feasible for simple models [e.g 42].
However, such undertakings are computationally highly demanding, can be afflicted by convergence
problems and limits on the number of traits are generally lower when additional random factors —
such as maternal genetic and permanent environmental effects — need to be taken into account.

Hence complete covariance matrices for all traits of interest are routinely constructed from estimates
obtained by considering overlapping subsets of traits. In the simplest scenario, this may involve
analyses for all pairs of traits, yielding a single estimate of each covariance but multiple estimates for
all variance components. In other cases, some traits are measured on selected individuals only with
selection based on other traits of interest and tri- or higher-variate analyses including the selection
criteria as “anchor’ traits are needed to counteract the effects of selection bias. Procedures commonly
used to pool the resulting sets of estimates are typically somewhat ad hoc, and differ in their scope to
account for unequal reliabilities of estimates based on diverse numbers of traits, to allow for sampling
covariances and to ensure that the resulting, pooled matrix is within the parameter space, i.e. does
not have any negative eigenvalues. Few comparisons of the sampling properties of pooled matrices
exist and no guidelines are available on which approaches are preferable for different scenarios.

The need to modify non-positive definite or ill-conditioned covariance or correlation matrices arises
in a number of areas outside of quantitative genetics, in particular behavioural sciences and finance.
Most methods in use to perform this task consider a single matrix at a time. Techniques utilised
range from simple manipulation of matrix eigenvalues to generalized least-squares and maximum
likelihood (ML) based procedures. Generally, the aim is to replace the original matrix with its ‘nearest’

approximation.

It is well known that sampling variances increase dramatically with the number of parameters to be
estimated. For quantitative genetics problems, this is exacerbated by the need to partition the overall,
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phenotypic covariances into their causal components. There has been considerable interest recently
in the use of so-called regularization techniques in the estimation of covariance matrices. Typically,
these yield ‘improved’ estimators, i.e. estimators which are on average closer to the population values
than their non-regularized counterparts, by reducing sampling variation at the expense of introducing
some additional bias. Again, applications span a number of areas; see Meyer and Kirkpatrick [30] for

a review and references.

For genetic problems, penalized restricted maximum likelihood (REML) estimation for multivariate
analyses comprising more than a few traits has been shown to provide substantially improved
estimates of covariance matrices. Penalties employed were designed to ‘borrow strength” from the
phenotypic covariance matrix, with the rationale that, due to strong, negative sampling correlations,
this sum is estimated much more accurately than its constituents [30,29]. In a similar vein, we propose
to employ a maximum likelihood approach, subject to corresponding penalties, to pool estimates from
part analyses whilst simultaneously applying some regularization. A simulation study examining
the sampling properties of the resulting estimates of covariance matrices is presented, showing that
such procedure can yield considerably ‘better” pooled estimates than methods currently in use.

Background

Likelihood analyses by parts

Multivariate analyses by parts typically involve overlapping subsets of traits and the resulting es-
timates from individual analyses are thus correlated. However, when pooling results from part
analyses, estimates from different subsets are generally treated as independent. Recently, there has
been considerable interest in so-called composite likelihood (CL) estimation for complex analyses
where calculation of the likelihood is difficult or computationally infeasible; see Varin et al. [43] for a
comprehensive review. In brief, a composite likelihood function approximates the likelihood from a
weighted product of partial likelihoods, where the latter may be marginal or conditional likelihoods
of subsets, ignoring dependencies between parts. A particular, marginal CL for multivariate analyses
of g traits is the “pair-wise’ likelihood, consisting of the product of likelihoods for all g(g — 1)/2 pairs

of traits. Some types of CL are also referred to as pseudo-likelihood.

Maximum pseudo or composite likelihood estimators are generally consistent and asymptotically
normal, though they tend to make less efficient use of the data than standard likelihood estimators
[43]. A number of simulation studies are available investigating the loss in efficiency for estimates of

covariance components, showing that reductions in efficiency are often relatively small [26, 10, 3].

While most CL applications approximate the likelihood by parts and estimate the same parameters
as in a full analysis, others invoke the same principles for scenarios in which a number of separate
analyses yield estimates for overlapping subsets of parameters. Fieuws and Verbeke [13] considered
estimation of a covariance matrix using bivariate analyses for all pairs of traits. They emphasized that
this fitted into the pseudo-likelihood framework, and showed that approximate sampling variances

could be obtained combining derivatives of the likelihood from part analyses. However, when
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combining estimates, Fieuws and Verbeke [13] relied on simple averages over pairs, ignoring the

possibility that the resulting pooled covariance matrix may be non-positive definite.

Ducrocq [12] summarized (unpublished) work in a quantitative genetics context by Yerex [45],
which showed that ignoring dependencies between subsets of data in the estimation of variance
components by maximum likelihood yielded similar results than attempts to take these into account.
This has been used in a number of studies to justify both accumulating contributions to the likelihood
from subsets of data and pooling of results from subsets of traits.

Procedures to make covariance matrices positive-definite

Most literature on replacing a non-positive definite covariance matrix with a positive definite counter-
part deals with a single covariance matrix only. Early methods suggested range from augmentation
of the diagonal elements by addition a small multiple of an identity matrix to ‘smoothing’ procedures
using a generalised or ordinary least squares approach [36, 23, 39]. Others relied on the modification
of eigenvalues. Higham [18] showed that the ‘nearest’ positive semi-definite matrix — defined as
the matrix for which the Frobenius norm of the difference to the original matrix is minimized - is

obtained by replacing any eigenvalues less than zero with this value.

Similar techniques have been applied to correlation matrices [35, 34, 19, 4]. For these, modification
subject to minimizing a nearness criterion is more complicated as diagonal elements need to remain
at unity, and various algorithms for constrained matrix approximation have been described recently
[32, 6, 37]. Others dealt with the added problems arising from weighted approximation, adherence

to some linear equalities or a given structure of the matrix [8, 7, 33].

Considering multivariate maximum likelihood estimation for a one-way classification, Amemiya
[1] suggested to truncate the canonical eigenvalues at zero (or a small positive value) to ensure that
estimates of the ‘between’ groups covariance matrix were positive (semi-)definite. While this used
the canonical eigenvalues of the matrix of within and between mean squares and cross-products, in a
genetic context, modification of these values is equivalent to modifying the canonical eigenvalues of
the phenotypic and genetic covariance matrix [16]. Amemiya [1] showed that estimates constrained

to the parameter space in this way were REML estimates.

It is well known that the eigenvalues of estimated covariance matrices are over-dispersed due to
sampling variation while their mean is expected to be unbiased [25]. Hence, a number of ‘improved’
estimators of covariance matrices have been suggested which reduce sampling variance based on
modifications of the estimated eigenvalues. Hayes and Hill [16] proposed to shrink the canonical
eigenvalues towards their mean to reduce their spread. This yields a modified estimate of the genetic
covariance matrix which is a weighted combination of the unmodified estimate and the phenotypic
covariance matrix scaled by the average heritability. The authors thus described their procedure as
‘bending’ the genetic towards the phenotypic covariance matrix. They showed in a simulation study
that use of such modified estimates to determine the weights in a selection index could substantially

increase the achieved response to selection.

However, ‘bending’ as a technique for regularized estimation has found little practical use. One
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of the problems in multivariate analyses of variance involving more than a few traits is the high
probability of obtaining estimates of the genetic covariance matrix which are not positive definite
[20]. ‘Bending’ just far enough so that the smallest, ‘bent” eigenvalue was equal to a small positive
value was thus suggested as a method to modify estimates to be positive definite [16]. While early
applications [e.g. 2, 15] modified the canonical eigenvalues as originally proposed, later ‘bending’
became synonymous to shrinkage of eigenvalues of a single matrix [e.g. 22], which is equivalent to

‘bending’ towards an identity matrix.

Likelihood based approaches to pool estimates of covariance components from part analyses have
been suggested by Méntysaari [28] and Thompson et al. [41], though neither give details for their
underlying rationale. The method of “iterative summing of expanded part matrices” (Méantysaari [28];
see also Koivula et al. [24]) involves an expectation-maximization type of procedure, and is described

by

S B _
£ =Y £'(Qt'Q) Psp/(QE'Q) £ +|(1,-Q)E) (1, - Q)

i=1

with ﬁt the g X g pooled covariance matrix at iterate ¢, SZ., of size s; X s;, the matrix of estimates from
the i—th part-analysis, I; an identity matrix of size g, P;, of size g X s; a matrix with elements of unity
in position j, k if the k—th trait in the i—th analysis is the j—th trait overall and zero otherwise, and
Q; = P;P/’. Thisis readily modified to allow for different weights for estimates from each part analysis
[17].

Thompson et al. [41] suggested to transform estimates from part-analyses into pseudo observations
which are then used in a linear model analysis to estimate the pooled covariance matrix. This is
appealing, as it allows any suitable linear model software to be used. Moreover, any features for
weighted estimation or to constrain estimates to have a chosen structure available in such software
can be exploited. However, the outline given lacked technical details and applications have thus been
limited [44, 38]. In brief, Thompson et al. [41]'s procedure can be derived treating estimates S, from
part analyses as independent matrices of corrected mean squares and crossproducts. The pseudo
observations are then chosen so as to recreate this matrix in the data part of the likelihood function.
This is done by converting each S into ‘observations’ on s; unrelated individuals, where records for

the j—th individual are comprised of the j—th column of \/s_lsl% These data are then analysed in a
linear ‘model” without any fixed or random effects (not even means) estimating £ as the within subject
covariance matrix (note also that the software used should not automatically center observations).
Thompson et al. [41] advocated the Cholesky factorization of S, (and omitted the factor +/s; - this
factor is needed to mimic the appropriate degrees in the likelihood function), but any matrix square

root is suitable.



138

139

140

141

142

143

144

145

146

147

148

149

150

151

152

153

154

156

157

159

160

161

162

163

164

165

166

167

168

169

170

K.M. March 6, 2012 Pooling part analyses

Penalized maximum likelihood for pooling covariance components

Consider a vector of observations y for g traits from a multivariate normal distribution, y ~ N (Xb, V),
with V the covariance matrix of y, b a vector of fixed effects and X the corresponding design matrix.
If y can be split into independent parts (y,), e.g. observations for independent families, V is block-
diagonal and the pertaining REML likelihood on the logarithmic scale (log £) can be calculated by

summing contributions over groups [40]

~2log L o« Z d; (log [Vi] + tr (V;'M;) ) 1)

with V; denoting the diagonal block of V for the i—th group, M; = (yz- - Xiﬁ) (Yi - XilA)), /d; the
corresponding matrix of corrected mean squares and crossproducts, and d; the pertaining degrees of

freedom.

Following Thompson et al. [41], assume that estimates for covariances components from individual,
part analyses, represent such matrices of mean squares and products. For genetic analyses, we
have several random effects and covariance matrices to be considered. Let S7 denote the estimated
covariance for random effect x from the i—th part analysis. For a simple animal model, for instance,
x = G, E with G and E standing for genetic and residual effects, respectively. Part estimates SY have
expectations X7, the submatrices of the corresponding covariance matrices for all traits, X, comprised
of the covariance components among the traits represented in the i—th subset of traits. Estimates of
L, can then be obtained by replacing M; with §F and V; with £} in (Eq. 1) above, and maximising the
resulting log likelihood whilst constraining £, to be positive definite.

There are several alternatives for dealing with multiple sources of variation. In the simplest
scenario, all S7 are treated as independent. We can then maximize log £ for each X, independently

or their sum

~2log Loc ) d; )" (logEs| + tr ())7's?)) @)
i X
with d; the assumed degrees of freedom for the i—th part analysis. Different d; can be selected for
a weighted analysis, for instance, if numbers of records in individual analyses differ substantially.
However, this approach ignores strong, negative sampling correlations between estimates S} from

the same analysis.

To mimic some dependence between the S for the same i, we propose to assume a simple, pseudo
pedigree structure and construct corresponding matrices of mean squares and products and the log
likelihood under this assumption. Let this pseudo structure involves families with m members each.

Define matrices C* (of size m x m) which give the coefficients for the x—th covariance component in

)

the expectation of covariances between family members. This gives

—ZIOgEOCZdl{log ZC"@ZJ;‘ +tr[[ZCx®Ef ZC"@Sf
i x x x

-1
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with ® denoting the direct matrix product.

Selecting pseudo pedigree structures

Suitable choices for the pseudo structure depend on the number and type of covariance matrices to be
pooled. The structure chosen should comprise a sufficient number of different kinds of covariances
between relatives so that, when equating these to their expectations, we can separate all components.
For a simple animal model with x = G,E, a paternal half-sib design, with each pseudo family
consisting of m paternal half-sibs, is sufficient. Coefficient matrices for this case are Ct = I, and
CC = }Ilm + %Im (with J,, a matrix of size m X m with all elements equal to unity). If common
environmental covariances between full-sibs need to be considered in addition (x = G, C, E with Z¢
the environmental covariance matrix), a hierarchical full-sib design with n offspring per dam and
k = m/n dams per sire may be appropriate. For offspring grouped within dam, coefficient matrices
are then CE = I,,, C* = ®]J,and C® = 1], + k ® (}1],1 + %In). For analyses with maternal genetic
effects, the pseudo family should include data on at least two generations. e.g. a sire mated to two
unrelated dams with two offspring per dam with records on all individuals (m = 7) provides sire-

and dam-offspring as well as full- and half-sib covariances.

Calculations in (Eq. 3) involve matrices of size ms; X ms;. For analysis of variance type pseudo
structures, this can be reduced to s; X s; by expressing log £ in terms of the matrices of mean squares
and crossproducts between and within groups and their expectations. For the paternal half-sib

pseudo structure with s sires and n progeny per sire,

~2log Lo (s=1) Y log |Vl +tr (V5 My,) + 502 = 1) Y log Vil + tr (ViiMy,,)

with My; = Sf + %SIG, Mp; = My, + }LnSiG, Vwi = Zf + %ZZG and Vg, = Viy; + %HZZG. Similarly, for a

hierarchical full-sib design with k dams per sire and n progeny per dam,
—2log Loc(s—1) Y log|Vpl + tr(V5My,) +s(k = 1) } " log Vil + tr (VoiMp)
i i
+sk(n=1) Y log Vil + tr (ViiMyy,)
i
with Myy; = SF + %SlG, Mp; = My, + T’I(AlLSZG + Slc), Mg; = Mp; + }InkS?, Vwi = ZF + %Zf}, Vpi =
Vw; +n (%Zic + Elc) and Vp; = Vp; + %nkZiG.
Penalizing the likelihood

Using a likelihood approach not only affords the opportunity to pool estimates for all sources of
variation simultaneously with constraints on the parameter space and, if desired, on the structure of
the pooled matrices, but it also provides a framework for regularized estimation. This is achieved
by maximizing the likelihood subject a penalty aimed at reducing sampling variation and thus to

improve estimates. Meyer and Kirkpatrick [30] and Meyer [29] demonstrated in extensive simulation
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studies of full, multivariate analyses that imposing penalties designed to ‘borrow strength” from es-
timates of the phenotypic covariance matrix could result in estimates of genetic covariance matrices
with substantially reduced loss, i.e. on average much closer to the population values than unpenal-
ized estimates. Penalties considered acted by either shrinking estimates of covariance matrices for
individual random effects towards their sum or by reducing the spread of estimated canonical eigen-
values, analogous to ‘bending’. Corresponding penalties can by employed when pooling estimates

from part analyses by maximizing
log Lp =log L — 3yP (4)

instead of log £, with P denoting the penalty (P > 0) and ¢ a so-called tuning factor (v > 0),
determining the emphasis to be given to P.

Maximizing the likelihood

Any of the optimization techniques and parameterizations commonly used in standard, ‘full’ REML
estimation is suitable to maximize log Lp. A method of scoring algorithm is given by

At+1

0" =0 - aH_lg (5)

with 8 the vector of parameters to be estimated at iterate t, g the vector of gradients and H the
expected information matrix (both evaluated at ét). The scaling factor 0 < a < 1 is used select
search steps which increase log Lp. This can be determined simply by successive step halving or a
back-tracking line search [11]. A suitable parameterisation to avoid estimates out of the parameter
space is to estimate the elements of the Cholesky factors of the covariance matrices, taking logarithms

of the diagonal values.

For parameters 0, and 0s, elements of g and H are
l . X X X 8Zf
_EZdz{trﬂZC orf| |Y.C ® 3.
1 X X
oy
_ Y @ XX X b
tr[[Xx:C QL Zx:C ®86y

-1

-1 -1

[Z C @I
X

Y cres:
X

1 0P
and

-1 -1

2)
861/

—%Zditr“Zcxmgf
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X
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Material and methods

Simulation set-up

Data for g = 5,10 and 20 traits and three different pedigree structures were simulated by sampling
random effects from multivariate normal distributions. No fixed effects were considered. Population
values were obtained by combining three levels of heritabilities with four constellations of correlations
and variances. For cases I and II, all heritabilities were assumed to be equal, hf =04 and hl.2 =0.2
for i = 1,4, respectively. For case III, values were hi2 = 0.2+ 0.1(5 — mod(i, 5)) (with mod(a, b) the
remainder of a/b), i.e. sets of 0.6, 0.5, 0.4, 0.3 and 0.2 repeated q/5 times. Scenario (a) assumed both
genetic (rgj) and residual correlations (rg ;;) between traits i and j were zero foralli # j = 1,4 and that
all phenotypic variances were equal, 01231. = 1. For scenario (b), correlations among all traits were again
equal, with rg;; = 0.5 and r¢;; = 0.2. For scenarios (c) and (d), correlations were modelled depending
on the trait numbers, rg;; = 0.7V~ and rg ij=05+ (=0.2)l7 for case (c) and r¢ ij=03+ (-0.3)~1 and
rEij = (=0.3)l~ for case (d). Variances for constellations 2 to 4 were 01231. =1+ mod(3,i) for trait i. This
yielded 12 sets of population values, referred to as la to IIld in the following.

Data were assumed to originate from f independent families. For the first part, a simple model
with additive genetic and residual effects as the only fixed effects were simulated either for a paternal
half-sib structure (PHS) with 10 progeny per sire family or Bondari’s design (BON). The latter, due to
Bondari et al. [5], comprises 8 individuals per family: In generation 1, records are taken on two pairs
of full-sibs, with one male and one female per pair. In generation 2, two paternal half-sibs of different
sex are mated to unrelated individuals, recording two offspring per mating. This provides 9 different
types of covariances between relatives. Samples sizes considered were either 1000, 2000 or 20 000
records per trait, i.e. f =100, f =200 or f = 2000 for PHS and f = 125, f = 250 or f = 2500 for BON.
This assumed that all traits were recorded on all individuals. In addition, an unbalanced scenario
was considered for g = 10 traits, where records for 1000 individuals with all traits were combined
with measurements for the first five traits only for 20 000 individuals (s = 2000 for PHS or f = 2500
for BON).

For the second part of the simulations, a permanent environmental covariance between full-sibs was
considered in addition. Population parameters were as above with (i) the proportion of the permanent
environmental variance (cf) equal to 0.2 for all traits and all corresponding correlations (rc;;) equal
to 0 for scenario (a) and equal to 0.4 for scenarios (b) to (d), and (ii) ci2 =0.15 + 0.05(mod(i,3) — 1) and
rcij = 0 for scenario (a) and r¢c;j = —0.4771 otherwise. This yielded 24 cases to be examined. To allow
estimation of the additional components, PHS was replaced with a hierarchical full-sib design (HFS)

with 5 dams per sire and 4 progeny per dam.

Analyses

Restricted maximum likelihood (REML) estimates of covariance matrices were obtained fitting an
animal model with means as the only fixed effects. Full multivariate analyses were carried out

considering all g traits simultaneously and contrasted to part-analyses, comprised of g(g—1)/2 bivariate
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analyses for all possible pairs of traits. A method of scoring algorithm followed by derivative-free
search steps to ensure convergence had been achieved was used to locate the maximum of the
log likelihood function. Starting values for PHS and HFS designs were obtained from appropriate
analyses of variance, modifying any non-positive definite estimates as suggested by Amemiya [1].
For Bondari’s design, population values were used. A total of 500 replicates were carried out for each

case examined.

Results from part-analyses were pooled using five types of methods. For Method 1, preliminary
overall covariance matrices were first constructed by simply averaging any components with multiple
estimates. After an eigenvalue decomposition, these were modified to ensure they were positive defi-
nite, considering one matrix at a time. Let £ represent the ‘average’ matrix with eigen-decomposition
£ = ETE’, whereT = Diag {y;} denotes the diagonal matrix of eigenvalues, y;, and E the corresponding

matrix of eigenvectors.

For method 1A, any eigenvalues less than 6 = 0.001 were replaced by this value, i.e. y; = max (y;, 0)
with I" = Diag{y}. Similarly, for method 1B, eigenvalues were modified by shrinking them towards
their mean (p) if the smallest eigenvalue, y;, was less than 6

Vi=7+Bpi—7)  with  B=min(1L,6-7)/(-7) (6)

For both, the pooled estimate was then constructed by pre- and post-multiplying the modified matrix

of eigenvalues by the matrix of eigenvectors and its transpose, £ = ET"E’.

Methods 2A and 2B applied corresponding truncation and shrinkage procedures to canonical
eigenvalues. For the simple animal model with genetic (G) and residual (E) covariance matrices L
and g, these were the eigenvalues of ﬁ;lflc. £p, the estimate of the overall phenotypic covariance
matrix, was obtained as £; + Lr, modified using method 1A if this sum has any eigenvalues less
than 6. For £¢ to be positive definite, canonical eigenvalues (A;) need to be greater than zero and
less than unity. Hence, for method 2A, any A; less than 0 were replaced by 6 and any values greater
than 1 — 6 were set to the latter, A7 = max(A;,6) and A7 = min(A;, 1 — 6). Analogously, for method 2B,
the two separate shrinkage factors required to ensure all modified eigenvalues A’ fell in this range
were determined, selecting the smaller to shrink the canonical eigenvalues towards their mean (1),
B = min(B1, B2) for f1 = (6 — A)/(Ay — A) and B2 = (1 — 6 — A)/(A1 — A) and A and A, the largest and
smallest canonical eigenvalue, respectively. Estimates of the pooled covariance matrices were then

obtained as
2c=FAF and L£r=F(I-A")F (7)

for A" = Diag { /\;.‘}, F the matrix of eigenvectors of ﬁ;lig and I denoting an identity matrix. For models
fitting an additional random effect with covariance matrix X¢, £p was obtained from £; + Zc + £ and
the above procedures were applied to ﬁ;lic and ﬁ;lic to obtain estimates £ and £¢. The pooled
residual covariance matrix was then estimated using £p — £5 — £c. As the difference between positive
definite matrices is not guaranteed to be positive definite, this was again modified, if necessary, using
method 1A to give a positive definite estimate L. Method 2C was like method 2B, but applied
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more shrinkage than needed to constrain the canonical eigenvalues to the interval [6, 1 — 6]. This was
obtained by scaling the shrinkage factor g from method 2B with a coefficient less than unity, using
values of 0.98 to 0.90.

The third procedure considered was the “iterative summation of expanded part matrices’ [28], using
pooled estimates from method 1A as starting values. Method 3A applied this technique individually
to g, Lc and Xg. Method 3B pooled phenotypic rather than residual components and again obtained
L from £p — £ — £¢, modified using method 1A if required.

Method 4 used the ML approach to pool part results, applied to a single covariance matrix at a time.
Analogous to methods 3A and 3B, methods 4A and 4B pooled residual and phenotypic covariances,
respectively. Method 4C extended method 4B by applying a penalty aimed at shrinking the estimate
of the individual matrices towards their phenotypic counterpart, £p (obtained by method 4B, i.e.
pooling estimates of phenotypic components from part analyses by ML). Details of the penalties

considered are given below.

Finally, method 5 combined part results for all sources of variation, X5, Xr and Xc (if fitted),
simultaneously using the likelihood approach. First, this was done by simple maximizing the sum
of likelihood contributions from individual matrices, either without (method 5A) or with (method
5C) penalties. Secondly, a pseudo-pedigree structure was invoked as described above (see xxx ),
again with and without penalization of the likelihood. Pseudo-structures considered were a simple
balanced, paternal half-sib design with 2 progeny for 2 sires each, a hierarchical full-sib design with
2 sires, 2 dams per sire and 2 progeny per dam, and Bondari’s design. For the unbalanced scenario,
results for part analyses involving 21 000 records for both traits, 21 000 records for one trait and 1000
records for the second trait, and 1000 records for both traits were assigned weights (i.e. degrees of
freedom) of 1 : 1 : 1 (unweighted), 4 : 2 : 1,20 : 10 : 1, 100 : 10 : 1 and 400 : 20 : 1. Different
constellations are denoted by the first weight in the following.

Penalties

The first type of penalty considered aimed at shrinking individual covariance matrices towards their
sum, i.e. the estimate of the phenotypic covariance matrix. As outlined by Meyer ef al. [31], this can

be derived assuming an Inverse Wishart prior with £p taking the role of the scale matrix
Py Z log |ﬁx| +tr (ﬁ;lﬁp) (8)
X

For the simple animal model, this was done imposing a penalty on the genetic covariance matrix
only, x = G, denoted as Py, and on both genetic and residual components, x = G, E, denoted as fP%.
Similarly, when fitting common environmental effects in addition, combinations x = G (Px), x = G,C
(I’Zzb) andx =G,CE (?%) were examined.

Corresponding penalties on correlation rather than covariance matrices (PR, _’sz, ...) were obtained

by substituting correlation matrices R, for £, in (Eq. 8).

Secondly, penalties encouraging shrinkage of canonical eigenvalues, A,;, towards their mean (A,)
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were used.
Proc Y Y (Ai = A ©)
x g

These were the eigenvalues of ﬁ;lﬁx, with x = G for the simple animal model and x = G and
x = G, C for a model fitting permanent environmental effects. In addition, corresponding penalties on
canonical eigenvalues transformed to logarithmic scale were considered, penalizing either log(Ay ;)
alone (denoted as Tﬁ) or both log(A, ;) and log(1 — A, ;) (denoted as Tﬁz), as done by Meyer [29].

Fixed tuning factors of 1) = 0.1 or ¢ = 0.02 were used throughout.

Summary statistics

The quality of estimates of covariance matrices from different methods was assessed as the deviation

form population values, summarized by the entropy loss [21]
Li(Z,£) =tr(Z'E) - log|E'E| - ¢ (10)

Comparisons to estimates from full multivariate results were made using the percentage reduction
in average loss (PRIAL) [27]

100 [1 ~ L1 (Z0 ) /Ly ():x, 22)] 11)

1 T . &0 . . . .
with L;(-) the average entropy loss over replicates and X, denoting the estimate from a multivariate

analysis of all g traits.

In addition, pooled estimates for all sources of variation were used to calculate the corresponding
log likelihood in the full, multivariate model. This was expressed as deviation from the maximum

log likelihood from the latter analysis, AL.

Results

Average losses in estimates of pooled covariance matrices, compared to MUV analyses, are summa-
rized in Table 1 for several commonly employed methods, g = 10 traits and 1000 records per trait.
For this relatively small sample size, 80% of ‘averaged’ matrices £ and 19% of £ for PHS were
not positive definite. With more covariances between relatives, corresponding figures for BON were
considerably lower, 56% and 5%, respectively, and differences in PRIAL can, to a large extent, be
attributed to these different proportions. Modifying a single matrix at a time resulted in substan-
tial increases in loss (i.e. negative PRIAL), especially when pooling genetic and residual matrices
separately and obtaining £p as their sum (methods 1A, 1B, 3A, 4A). Pooling genetic and phenotypic
matrices and determining Lr as their difference performed somewhat better (methods 3B and 4B) and
yielded estimates and log £ closer to those from corresponding multivariate analyses (MUV). While
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resulting in less additional loss in £, the frequently used approach of shrinking the eigenvalues of
£ towards their mean (method 1B) resulted in the worst estimates £p with the largest deviation in
log £ from MUV.

Canonical eigenvalues are a function of both £; and £p, estimated from Z;+Zr. Hence modification
of these values (methods 2) gave Lp with PRIALSs close to zero, i.e. the virtually same average loss
as MUV. As expected, truncating canonical eigenvalues at an operational zero (2A) yielded log £
very close to the maximum for MUV - this is the mechanism implicit in multivariate REML analyses
constraining estimates to the parameter space [1]. Shrinking the canonical eigenvalues towards their
mean (method 2B) improved pooled estimates substantially, and further reductions in loss were
obtained when ‘bending’ somewhat further than needed to make estimates positive definite (method
2C). In contrast, placing penalties on £g and £ when pooling these separately (method 4C) yielded
estimates of Xp and log £ comparable to method 1B. Figure 1 shows the distribution of losses in
estimates of individual covariance matrices across replicates for one of the 12 cases examined.

Corresponding results obtained when pooling genetic and residual components simultaneously
using the penalized likelihood (PL) approach are given in Table 2. Clearly, when treating estimates SiG
and SF from the same part analysis as independent, PL performed no better than methods combining
estimates for each source of variation separately. Large (absolute) average values of AL, accompanied
by dramatic increases in loss for £, for the PHS design were due to cases IIb, IIc and IId, i.e. cases
with population heritabilities of hl.2 = 0.2. For s = 100 families, the combined matrix L for these
cases was non-positive definite in all replicates. Allowing for a pseudo pedigree structure, however,
yielded pooled estimates of £p with the same average loss than the full, multivariate analysis (PRIAL
close to zero). Similarly, PRIAL in £5 and £f increased substantially (i.e. average losses in estimates
were reduced). While there was little difference between pseudo pedigree structures for PRIALs of
£p, the structure with the strongest implied sampling correlation (PHS) resulted in estimates of g
and Xg with least losses, even for data sampled under Bondari’s design. The PHS design shown used
the lowest possible numbers for s and n. Other values were investigated and yielded comparable

results, though with some tendency for PRIALs to decrease as s and n increased.

Imposing penalties aimed at reducing sampling variation greatly increased PRIALs further. As
reported for full, multivariate analyses, a penalty on both £ and £ (%) improved estimates of
both covariance matrices with little change in the PRIAL for £5 compared to a penalty on this matrix
only (Px) [29]. Similar patterns were obtained for penalties on correlation matrices, Pr and fP%{ (not
shown), though with somewhat lower PRIALs because these penalties had a lower values and, at the
same tuning factor, thus resulted in less stringent regularization. Shrinking canonical eigenvalues
towards their mean (P,) appeared to be most effective for estimates of Xr, while corresponding
penalties on the logarithmic scale (fPﬁ (not shown) and ngz) resulted in substantial improvements for
both X; and Xr. Again, similar relationships between penalties have been reported for penalized

estimation in full, multivariate analyses [30, 29].
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Varying sample size

Results for selected penalties and a range of sample sizes are contrasted in Table 3. For g = 5 traits,
there were few replicates (< 7%) for which combined matrices £ and Lr had eigenvalues less than
0, so that few modifications were required, losses in £p were very similar to those for MUV and
reductions in log £ were negligible. For larger numbers of traits, there were increasing proportions
of ‘problematic” replicates, and differences in results largely reflect variation in the latter. Similarly,
these were pronounced differences between sets of population values considered — generally cases
for correlation scenario (c) or low levels of heritabilities were most afflicted. For g = 20 traits, for
instance, substantial negative PRIALs, especially for method 1B, were due to cases Ic and Ilc, for
which almost 100% of replicates for the paternal half-sib design required modification of both £ and
L. Further, for all 8 cases with heritabilities hl2 = (.2, all replicates produced L with at least one

eigenvalue below 0.

However, ranking and relative performance of the different methods across numbers of traits,
sample sizes, designs and sets population parameters was highly consistent. Truncating canonical
eigenvalues (method 2A) yielded pooled estimates ‘nearest’ (in terms of AL) to multivariate results,
closely followed by the PL approach without penalties but assuming a pseudo pedigree structure
(method 5A). Generally, the PL approach (5A) gave higher PRIALs for both £ and £ than the
former (2A), indicating that, even without penalties, PL involved more regularization. Additional
investigations (not presented here) showed that this was due to some modifications of the highest
as well as the lowest eigenvalues. Yet, the PL approach gave estimates substantially closer to MUV
(lower absolute values of AL) than ‘bending’ just far enough that the smallest canonical eigenvalue
was equal to 6 (method 2B).

Imposing a penalty increased PRIALs throughout, accompanied by a corresponding decrease in
AL. As outlined above, the various penalties considered acted in somewhat different fashions. For
relatively small sample sizes comprising only 1000 or 2000 records per trait, the tuning factor of
¢ = 0.1 chosen resulted in substantial reductions in loss, especially for estimates of X. In practice,
a somewhat smaller value of ¢, resulting in less regularization and reduction in loss but estimates

closer to those from multivariate analyses may be preferred.

Corresponding results for large samples (20 000 records per trait) are presented in Table 4. With
eigenvalues of £; less than § only occurring for 1% and 2% of replicates for cases Ilc and Illc for
the PHS design, results for methods 1A, 1B, 2A and 2B were virtually identical. Moreover, these
simple ‘average’ estimates agreed closely with those from full multivariate analyses, especially for
the paternal half-sib design, supporting the claim than maximum composite likelihood estimates
are consistent [26]. Again, estimates using the PL approach without penalization (method 5A) were
overall comparable, with a tendency for the loss in £g be slightly reduced. Imposing a stringent
penalty, however, proved detrimental, in particular for data with Bondari’s design. Similarly, ‘bend-
ing’ further than required to obtain a positive definite matrix increased losses in L substantially.
Results emphasize that regularized estimation should be used with care — while some penalization
appears invariably advantageous for small to medium samples, it may be counter-productive for

large, highly informative samples.
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Extensions

One concern when pooling estimates is that, due to different amounts of data or relationship informa-
tion available, estimates from various part analyses differ in their reliability. The PL approach readily
allows for weighted pooling by choosing the degrees of freedom for individual parts accordingly.
Figure 2 summarizes results for Bondari’s design with f = 125 families with records for all 4 = 10
traits and an additional f = 2500 families with records for the first five traits only. Without penaliza-
tion, AL were comparable for all weightings examined and similar to that obtained when truncating
canonical eigenvalues at 6 (method 2A). However, PRIALs for individual sources of variation were
consistently lower than for the corresponding balanced design with f = 125 families (see Table 3).
In particular, losses in £p were about 4% higher than for full, multivariate analyses. With more than
20 times more records for part analyses involving traits 1 to 5 than those involving traits 6 to 10,
corresponding weights of 20 : 1 seemed a reasonable choice. However, PRIALs were surprisingly
robust against the wide range of weights considered, with unweighted pooling generally resulting
in the least loss in estimates. This tendency was more pronounced when imposing penalties, as, for

constant 1, the higher degrees of freedom used reduced the relative emphasis given to the penalties.

Results for Bondari’s design when records are subject to a permanent environmental covariance
between full-sibs are shown in Figure 3. Overall, differences between methods for pooling were
analogous to those for a simple animal model. While truncating canonical eigenvalues (method 2A)
again yielded pooled estimates closest to MUYV, this was associated with substantially increased losses
for £r. As above, ‘bending’ (method 2B) and the unpenalized PL approach (5A) resulted in estimates
with comparable PRIALS, but the latter had AL closer to zero. For method 5C, it was advantageous
to place penalties on all three covariance matrices to be estimated () or to penalize the spread of

the canonical eigenvalues of both of ﬁ;lﬁc and ﬁ;lﬁc on the logarithmic scale (Tf\z).

Discussion

Combining estimates of covariance components from different analyses is a long-standing problem
which generally is not been given sufficient attention. Though mostly motivated by simple necessity,
the common practice of obtaining estimates in a series of analyses of subsets appears to fit under
the umbrella of maximum composite or pseudo likelihood estimation. While ignoring covariances
between subsets is expected to make less efficient use of the data than full, multivariate analyses (i.e.
to result in larger sampling variances), the resulting estimators share some desirable properties with

full ML estimators, as they are generally consistent and asymptotically normal [26, 43].

With more than one covariance matrix to be estimated, sampling variation arising from partitioning
phenotypic covariances into their causal components is substantial and a simple ‘averaging’ strategies
to combine estimates from part analyses are likely to yield non-positive definite or ill-conditioned
matrices. Results shown provide a strong argument for combining part estimates for all sources of
variation considered simultaneously whilst, approximately at least, accounting for negative sampling

covariances. This provides estimates of phenotypic covariances close to those from multivariate
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analyses. Moreover, with numerous traits and correspondingly many parameters to be estimated,
average reductions in the log likelihood are often not significant (at an error probability of 5% or less).
Modification of the canonical eigenvalues of covariances matrices for individual random effects and
the phenotypic covariance matrix provides a simple procedure to do so. Simulation results suggest
that this is effective even if the model of analysis comprises additional random effects, though it
should be borne in mind that an estimate of the residual covariance matrix, obtained as the difference
between the phenotypic and the other covariance matrices, is not guaranteed to be positive definite.

A more flexible alternative to pool estimates is provided by the likelihood approach proposed.
We have demonstrated for a range of scenarios that it performs well, yielding estimates close to
multivariate results and less subject to increases in loss than many other procedures in use. Like most
methods available to replace non-positive definite matrices with a positive definite equivalent, it is ad
hoc and we do not claim any specific statistical properties. Estimation by parts appears to be the less
efficient, i.e. the more subject to increased losses, the higher the incidence of non-positive ‘averaged’
matrices and the degree of modifications required. Simply making such matrices positive definite
then implies some regularization and thus reduces losses. Moreover, there is usually considerable
scope to ‘improve’ estimates further by applying some additional regularization to reduce sampling
variation. The likelihood approach readily allows for this through a penalty on the likelihood
function. Simulation results show that penalties aimed at borrowing strength from the estimate of
the phenotypic covariance matrix can reduce losses in estimates of covariance matrices substantially,

similar to applications of penalized estimation in full, multivariate analyses.

The combination of estimation by parts and our penalized likelihood approach to pool estimates
provides a pragmatic solution to routine estimation of high-dimensional covariance matrices required
in quantitative genetics application. We have not discussed choice of tuning factors - simulation results
suggest that penalties applied should be ‘mild’, in particular when sample sizes are large. A way to
evaluate changes due to penalization may be to monitor the Frobenius norm of the matrix differences
between penalized and unpenalized estimates. While computationally slightly more demanding
than ‘bending’ or related techniques, requirements are trivial compared to those for the individual

part analyses.
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Table 1. Mean percentage reduction in average loss in estimates of genetic (G), residual (E) and
phenotypic (P) covariance matrices when pooling estimates from pairwise analyses

Data for 10 traits and 1000 records per trait

Method  Pen.A Half-sib design Bondari’s design

G E P log/lP G E P logl

1A 33 9 -10 -3.6 139 -2 -1.7
1B 3 9 47 -18.7 4 9 -10 -6.6
2A 28 -2 0 -0.1 -10 5 0 -0.5
2B 8 30 0 -1.8 9 10 0 2.1
2C 0.98 32 40 0 -2.1 30 17 0 -2.4
0.90 54 51 0 -3.5 52 24 0 -3.8

3A 5 156 -32 -13.3 18 7 -4 -4.2
3B 5 -2 -2 -3.5 18 -5 4 2.1
4A 30 -3 -38 -13.8 -8 -2 -10 -4.5
4B 30 5 -6 -3.4 -8 -7 0 -1.9
4C Ps. 19 -2 -6 -4.1 30 -4 0 -2.5
P2 19 20 -45 -17.0 30 10 -13 -6.2

APenalty. 2C: Scaling factor for  used, 4C: Type of penalty
BAverage change in log likelihood from maximum for multivariate analysis of all traits
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Table 2. Mean percentage reduction in average loss in estimates of covariance matrices obtained by
jointly pooling estimates from pairwise analyses using penalized maximum likelihood (methods
5) with different pseudo pedigree structures

Data for g = 10 traits and 1000 records per trait; penalties applied using a tuning factor of ¢ = 0.1.
Pseudo pedigree structures: PHS - paternal half sib design with 2 sires and 2 progeny per sire, HFS -
hierarchical full sib design with 2 sires, 2 dams per sire and 2 progeny per dam and BON - Bondari’s
design

Penalty Genetic Residual Phenotypic
None PHS HFS BON None PHS HFS BON None PHS HFS BON
Paternal half-sib design

None 38 -11 -15 21 -20 8 3 2 -182 0 0 0
Py 19 70 56 50 -4 29 12 9 -52 1 1 1
P2 19 71 57 50 19 50 35 32 -55 2 1 1
P, -36 4 -13 21 2 3 27 25  -186 0 0 0
PP -10 61 38 27 3 45 31 28 -190 1 1 0
Bondari’s design
None -15 5 2 -2 -19 3 0 0 -70 0 0 0
Px. 29 70 58 52 -6 22 10 7 -16 1 1 1
P2 29 70 58 52 8 2721 18 -17 2 1 1
Py -13 10 3 -2 -7 17 14 12 -81 0 0 0
Pi2 7 62 42 34 -6 25 17 15 -83 1 0 0
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K.M. March 6, 2012 Pooling part analyses

Table 3. Mean percentage reduction in average loss in pooled estimates of genetic (G), residual (E)
and phenotypic (P) covariance matrices for selected sample sizes

Methods 5A and 5C: assuming a paternal half-sib pseudo pedigree structure comprising 2 sires and
2 progeny per sire; 5C: Penalties applied using a tuning factor of ¢y = 0.1

qr B Method of pooling
1A 1B 2A 2B 2C 3A 4A 5A 5C
0.98¢ PP Py PP
Paternal half-sib design
10 200 G -11 0 -8 7 25 17 -5 7 65 55 12 57
E -4 4 0 10 22 14 3 8 39 3 2 35
P -4 20 0 0 0 -6 -10 0 1 1 0 1
ACP 13 77 00 -07 -09 -38 -36 -02 -76 -29 -06 -34
20 200 G -45 8 -39 21 37 -6 -31 -21 68 56 -12 56
E -14 -15 -6 23 28 6 4 5 3 31 24 31
p -15 157 -1 -1 -1 21 30 0 2 1 0 1
AL -185 -1859 -03 -10.7 -121 -32.1 -39.7 -2.7 -30.7 -154 -46 -154
Bondari’s design

5 125 G 2 3 3 4 16 9 5 11 54 45 15 50
E -1 -1l 0 4 1 -1 1 22 14 6 19
P 0 0 0 0 0 0 10 1 0 0 1
Ac -01 -01 -01 -01 -01 -02 -02 -01 -18 -05 -01 -07
10 125 G -13 4 -10 9 30 18 8 5 70 60 10 62
E 9 9 -5 10 17 7 2 3 27 24 17 25
P -2 -10 0 0 0 4 -10 O 2 1 0 1
AC 17  -66 05 -21 -24 -42 -45 -08 -78 -34 -12 -39
10 250 G -10 -4 -8 -1 17 15 -4 6 58 49 12 51
E -5 -5 -3 -1 7 7 2 2 8§ 15 10 11
p -1 300 0 0 2 2 0 1 0 0 0
AC 07 23 04 -10 -12 -16 -14 06 -96 -34 -12 -44
20 250 G -42 -6 -37 3 22 3 23 -12 61 50 -4 51
E -11 -11 -5 3 6 11 4 3 12 14 7 10
P -3 -39 0 0 0 1 -7 0 2 1 0 1

AL -82 -66.0 -25 -123 -13.7 -121 -134 -43 -329 -156 -74 -175

ANumber of traits

BNumber of families

CScaling factor for B

D Average change in log likelihood from maximum for multivariate analysis of all traits
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K.M. March 6, 2012 Pooling part analyses

Table 4. Mean percentage reduction in average loss in pooled estimates of genetic (G), residual (E)
and phenotypic (P) covariance matrices for large samples

Data for g = 10 traits, using a a paternal half sib pseudo pedigree structure with 2 sires and 2 progeny
per sire for method 5 and a tuning factor of ¢ for method 5C.

A Method of pooling
2B 2C 5A 5C(y=0.02) 5C(y =0.10)
0.98% 0.94° 0.90° PPy PREOPL Py PR
Paternal half-sib design
2000 G 0 6 13 5 6 14 7 15 -3 8 7
E 0 9 11 1 3 2 12 10 -78 0 -32
P 0 0 0 0 0 0o 0 ©0 2 0 0
AL 00 -01 -13 -35 -03 -64 -06 -1.8 284 -19 -103
Bondari’s design

2500 G -1 4 9 6 4 1 5 10 -92 4 -13
E -3 -1 28 86 -1 -65 -9 -31 -346 -82 -217
P 0 0 0 0 0 0o 0 ©0 3 0 -1

AC -03 -07 -35 -90 -09 -115 -1.5 -39 -538 -57 -22.6

ANumber of families
BScaling factor for B
CAverage change in log likelihood from maximum for multivariate analysis of all traits
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Figure 1. Distribution of loss (x100) in estimates of genetic (G), residual (E) and phenotypic (P)
covariance matrices together with corresponding log likelihood

Case Ic, data for g = 10 traits, Bondari’s design with f = 125 families. Log likelihood shown as
deviation from value for full multivariate analysis. Methods as described in text and: For 2C digits
after hyphen give scaling factor used (x100). For 4C, penalties Py (-G) and P2 (-GE) were used. For
method 5, none and a paternal half-sib pseudo-pedigree structure were assumed, denoted by “-0” and
-P’, respectively. For method 5C, letters ‘a’, ‘b’ and ‘c” denote use of penalties Py, fl’zz and fPf{, and
‘d” and ‘e’ of penalties P, and LP‘AQ, respectively.
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Figure 2. Mean percentage reduction in average loss for estimates of genetic (G), residual (E)
and phenotypic (P) covariance matrices together with corresponding log likelihood for data with
unequal numbers of records per trait, using different weights when combining part analyses

Data for g = 10 traits and Bondari’s design with f = 125 families with records for all traits and
f = 2500 families with records for traits 1 to 5 only.

m method 2A, e method 5A, ¥ method 5C with ) = 0.1, and A method 5C with ¢ = 0.02, assuming a
paternal half-sib pseudo pedigree structure for method 5. Penalty on £ applied to both G and E (P2),

and penalty on log A applied to both log A and log(1 — A) (fPﬁz).
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Figure 3. Mean percentage reduction in average loss for estimates of genetic (G), common envi-
ronmental (C) residual (E) and phenotypic (P) covariance matrices together with corresponding
log likelihood (log L)

Data for g = 10 traits, Bondari’s design with f = 250 families. Methods as described in text: For 2C
digits after hyphen give scaling factor used (x100). For methods 5, a hierarchical full-sib pseudo-
pedigree structure was assumed throughout. For 5C, letters ‘a’, ‘b” and ‘c” define use of penalties Py,
T%b and P3, respectively, and ‘d’ denotes application of penalty fPﬁz to both the canonical eigenvectors

a-le el . .
of Xp X¢ and Xp X, using a tuning factor of 1 = 0.02 throughout.
V genetic, A permanent environmental, e residual and 4 phenotypic covariance, and m log likelihood
as deviation from value for multivariate analysis.
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